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Abstract—In this paper we develop the similarity measure
introduced by the Tversky contrast model and apply it on fuzzy
sets using the cardinality of fuzzy sets and their operations.
Based on this extended similarity definition we propose a new
approach for comparing fuzzy objects and discuss some
properties of the new similarity model. Some experimental
examples are given to show the effectiveness of using this
model against different cases. This work provides a method to
compare objects with vague/fuzzy content and support further
development of (fuzzy) data mining algorithms.
Keywords- Similarity measure, Tversky contrast model, fuzzy
attributes, fuzzy objects.

I.

INTRODUCTION

Several measures of similarity among fuzzy sets have
been proposed in the literature as reported in [1], [2] and [3].
The motivation behind these measures is both geometric and
set-theoretic. Geometric models dominate the theoretical
analysis of similarity measures [1]. Objects in these models
are represented as points in a coordinate space, and the
metric distance between the respective points is considered
to be the dissimilarity among objects. In most cases the
Euclidean distance is used to define the dissimilarity between
two concepts or objects. In the set-theoretic approaches a
different model is used, which is based on the concept of a
non-dimensional and non-metric similarity relation [4].
Bouchon-Meunier et al. [5] conducted a study based on
Tversky’s feature-theoretical concepts on similarities [4] and
[6]. The research proposes classification of measures that
exist or have been used in previous literature to compare
fuzzy characterization of objects according to their properties
and their applications. The study focused on finding
differences between various measures of comparisons
including satisfiability, resemblance, inclusion, and
dissimilarity.
Our purpose in this paper is to introduce a new family of
similarity measures, used to compare fuzzy objects based on
fuzzy-set-theoretical concepts, which tracked and extended
the work reported in [5]. We also extend the approach to
compare sets of features developed by Tversky [4] to a fuzzy
measure of the similarity between fuzzy objects as detailed
below.
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In this approach, we will consider as fuzzy objects those
objects having imprecise and uncertain attributes/features.
Attributes of fuzzy objects are represented by fuzzy sets and
we will make use of fuzzy set operations for processing
them. Our work is also a generalization for cases where
values of an object attribute are crisp values; the crisp sets
are considered as particular cases of fuzzy sets that represent
precise and certain attributes/features. In other words, we
propose a framework where each object is characterized by a
set of attributes that can be given either crisp or fuzzy value.
The structure of the paper is as follows: the next section
presents the notions we are making use of. In section three,
cardinality and operations of fuzzy sets are presented and
studied in detail in order to define the generalised similarity
measure between fuzzy sets. The similarity measure of fuzzy
attributes is defined in section four using the similarity
definition presented in section four. A set of aggregation
operators, defined in order to calculate the similarity between
fuzzy objects, is proposed in this section as well. We finally
illustrate our discussion by experimental examples using this
similarity approach in section five. The paper ends with
conclusions and future work.
II.

BASIC NOTIONS

In this section we summarize the notions which will be
needed in the next sections. Let ܷ denote the universe of
discourse; ܥሺܷሻ denotes the set of crisp subsets of ܷ and
ܨሺܷሻ denotes the set of fuzzy subsets of ܷ (a fuzzy set  ܣis a
subset of ܷ that is characterized by a membership
function ߤ ǣ ܷ ՜ ሾͲǡͳሿ ). Two crisp sets ܿ݁ݎሺܣሻ ൌ
ሼܷ א ݔȁߤ ሺݔሻ ൌ ͳሽ and ݑݏሺܣሻ ൌ ሼܷ א ݔȁߤ ሺݔሻ  Ͳሽ
core and support of  ܣrespectively, are important when
characterizing the fuzzy set ܣ. Thus, a fuzzy subset  ܣin
ܨሺܷሻ is said that it is finite fuzzy set (ffs) if ݑݏሺܣሻis a
finite crisp subset ofܷ. Accordingly, a fuzzy set ܣcan be
written as a set ܣൌ ሼሺߤ ሺݔሻȀݔሻȁݑݏ א ݔሺܣሻሽ. A fuzzy
singleton or a singleton is ffs overܷ, denoted by ܽȀ ݔfor
ܽ  אሾͲǡͳሿ and  ܷ߳ݔsuch that ܽȀݔሺݔሻ ൌ ܽ and ܽȀݔሺݕሻ ൌ Ͳ
if  ݔ ് ݕ. Let the sum of a family ሺܣ ሻא be denoted
by ڂא ܣ , where   ് ܬis a finite set of indices. Then
 ܣൌ ڂ௫א௦௨ሺሻ ߤ ሺݔሻȀ ݔwith ܽȀ ݔa singleton supported by
x.
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Operations between fuzzy sets  ܤ  ܣand  ܤ ת ܣare
performed in terms of their membership functions using
Zadeh’s definitions of union and intersection of two fuzzy
sets [7], [8]: ߤ ൌ  ௫א ሺߤ ሺݔሻǡ ߤ ሺݔሻሻ and ߤת ൌ
respectively.
The
standard
௫א ሺߤ ሺݔሻǡ ߤ ሺݔሻሻ
complement of A is denoted by ܣᇱ where ߤᇲ ሺݔሻ ൌ ͳ െ
ߤ ሺݔሻ. Finally, the inclusion  ܤ ك ܣmeans that A is included
in B (i.e. ߤ ሺݔሻ  ߤ ሺݔሻ ;)ܷ א ݔthus the equality of two
fuzzy sets A and B is:  ܣൌ  ܤ ሺ ܤ ك ܣand ܣ ك ܤሻ i.e.
ߤ ሺݔሻ ൌ ߤ ሺݔሻ  ൫ߤ ሺݔሻ  ߤ ሺݔሻߤ ሺݔሻ  ߤ ሺݔሻ൯
ܷ א ݔ.
III.

CARDINALITY-BASED SIMILARITY MEASUREMENTS

Since our goal is to find a formal definition of the
perceptive concept of similarity between objects with fuzzy
attributes, we clarify the perception that the comparison of
any two fuzzy sets A and B defined on a given universe of
discourse ܷ is related on one hand to their commonality (the
elements of the universe which belong to both of them), and
on the other hand to the difference between them (the
elements belonging to A but not to B, and conversely).
Therefore, the more commonality they share, the more
similar they are, and the more differences they have, the less
similar they are. This is the same intuition about similarity
presented by Dekang Lin in [9].
The following parameterized ratio model of similarity
was proposed by Tversky for comparing two objects or
concepts with sets of features or attributes [4].
ݏሺଵ ǡ ଶ ሻ ൌ

݂ሺܤ ת ܣሻ
݂ሺܤ ת ܣሻ  ߙ݂ሺ ܣെ ܤሻ  ߚ݂ሺ ܤെ ܣሻ

(1)

This similarity definition is a normalised function; in
Tversky’s model ݂ is considered to be a feature/attributematching function that measures the degree to which two
sets of attribute’s values match each other rather than just
measuring the distance between two points in the attribute’s
domain space such that ݂ should satisfy ݂ሺܤ  ܣሻ ൌ ݂ሺܣሻ 
݂ሺܤሻ, where A and B are disjoint crisp sets.
Nevertheless, in this paper we use the model stated above
to calculate the similarity between two fuzzy attributes
(attributes characterised by fuzzy sets) and then, we have
used an aggregation function to compute the similarity
between two objects described by such fuzzy attributes as
detailed below. In the following section, we are going to use
fuzzy logic and fuzzy set theory to extend the domain of
applicability of the generalised Tversky’s model.
A. Scalar Cardinality of a Fuzzy Set
In this section, we have defined the similarity between
two fuzzy sets as in [5] by a mapping ݏǣ ܨሺܷሻ ൈ ܨሺܷሻ ՜
ሾͲǡͳሿ such that ݏሺܣǡ ܤሻ ൌ ܨ௦ ሺ݂ሺܤ ת ܣሻǡ ݂ሺ ܣെ ܤሻǡ ݂ሺ ܤെ
ܣሻሻ where ܨ௦ ǣ Թା ൈ Թା ൈ Թା ՜ ሾͲǡͳሿ is defined by the
generalised Tversky’s model and ݂ is defined by eqs. (2) and
(3) below.

In our approach, we define the cardinality of a fuzzy set
for a finite universe ܷ as a mapping ݂ǣ ܨሺܷሻ ՜ Թା that
assigns to each finite fuzzy set a single ordinary cardinal
number (or non-negative real number). It can be defined as
the sum of membership values that characterize a fuzzy set
ܨ߳ܣሺܷሻ [14, 15]: for finite universeܷ,
݂ሺܣሻ ൌ ܿܽ݀ݎሺܣሻ ൌ ȁܣȁ ൌ  ߤ ሺݔሻ
for a discrete fuzzy set  ܣand:

(2)

௫ఢ

݂ሺܣሻ ൌ න ߤ ሺݔሻ ݀ݔ

(3)

௫ఢ

for a continuous fuzzy set ܣ.
In [10], [11] and [12] Wygralak presented the complete
axiomatic theory of scalar cardinality of fuzzy sets which our
work is based on. The cardinality of fuzzy sets is also
understood as a convex fuzzy set of the set of natural
numbersԳ. The fuzzy approach with its axiomatic theory
was introduced by Casanovas and Torrens in [13]. There are
other approaches which define fuzzy cardinalities as fuzzy
quantities (see e.g. Dubois and Prade [14], Ralescu [15]).
However, in this paper we focus on using definition (2) as it
is easier in calculation than the integral form.
Definition 1. A function ߪǣ ܨሺܷሻ ՜ Թା  ሼͲሽ is called a
scalar cardinality if the following axioms are satisfied for
eachܽǡ ܾ߳ሾͲǡͳሿ,ݔǡ ܷ א ݕǡand ܣǡ ܨ߳ܤሺܷሻ [10]:
axiom 1) ߪሺͳȀݔሻ ൌ ͳ,
axiom 2) if ܽ  ܾ, then ߪሺܽȀݔሻ  ߪሺܾȀݔሻ,
axiom3) if  ܤ ת ܣൌ , then ߪሺܤ  ܣሻ ൌ ߪሺܣሻ  ߪሺܤሻ.
Proposition 1. Let ܨ א ܣሺܷሻ . Then the function ݂ሺܣሻ
defined by (2) is a scalar cardinality of A.
Proof. Since ͳȀ ݔfor some x is a singleton supported by an
element x and has a membership degree 1, then ݂ሺͳȀݔሻ ൌ
ȁͳȀݔȁ ൌ  σ ߤ ሺݔሻ ൌ Ͳ   Ͳ ڮ ͳ  Ͳ   ڮ Ͳ ൌ ͳǡ  ܷ א ݔ.
As a consequence of summation properties, and since ܽ 
ܾ, we get݂ሺܽȀݔሻ ൌ σ௫ఢ ߤ ሺݔሻ ൌ σ௫ఢ ܽ  σ௫ఢ ܾ ൌ ݂ሺܾȀ
ݔሻ . For disjoint A and B: ݂ሺܤ  ܣሻ ൌ σ௫ఢ ߤ ሺݔሻ ൌ
σ௫ఢ ߤ ሺݔሻ  σ௫ఢ ߤ ሺݔሻ ൌ ݂ሺܣሻ  ݂ሺܤሻ.
Theorem 1. Letܣǡ ܨ א ܤሺܷሻ and ܣ ܨ אሺܷሻ for each ݁ ܬ א.
The following properties are then satisfied by function ݂:
a) ݂ሺڂא ܣ ሻ ൌ σא ݂ሺܣ ሻ if ܣ ܣ ת ᇲ ൌ 
for each ݁ ് ݁ ᇱ
(finite additivity)
b) ܥ א ܣሺܷሻ ฺ ݂ሺܣሻ ൌ ȁݑݏሺܣሻȁ
ሺ   ሻ
c) ݂ ฺ ܤ ك ܣሺܣሻ  ݂ሺܤሻ
ሺ ሻ
d) ȁܿ݁ݎሺܣሻȁ  ݂ሺܣሻ  ȁݑݏሺܣሻȁ ሺሻ
e) ݂ሺܣሻ  ݂ሺܤሻ ൌ ݂ሺܤ  ܣሻ  ݂ሺܤ ת ܣሻ
ሺሻ
f) ݂ሺڂא ܣ ሻ  σא ݂ሺܣ ሻ
(finite subadditivity)

2011 11th International Conference on Intelligent Systems Design and Applications

755

Proof. It is obvious that a) follows from axxiom 3, where b)
is a consequence of a) and axiom 1. For c), from a) and
axiom 2 and ݑݏ ฺ ܤ ك ܣሺܣሻ ݑݏ كሺሺܤሻ  ฺ  ܤ ת ܣൌ
  ് ܣand then ȁݑݏሺܣሻȁ  ȁݑݏሺሺܤሻȁ  ฺ ݂ሺܣሻ ൌ
σ௫ఢ௦௨ሺሻ ߤ ሺݔሻ  ݂ሺܤሻ . From b) and c) and
since ܿ݁ݎሺܣሻ ݑݏ ك ܣ كሺܣሻ , we willl get ݀ሻ . As a
consequence of a) and Axiom 3 and the deffinition of ܤ  ܣ
and  ܤ ת ܣ: ݂ሺܤ  ܣሻ  ݂ሺܤ ת ܣሻ ൌ σ௫ఢ ߤ ሺݔሻ 
σ௫ఢ ߤת ሺݔሻ ൌ σ௫ఢ ൣ௫ఢ ൫ߤ ሺݔሻǡ ߤ ሺݔ
ݔሻ൯൧  
σ௫ఢൣ௫ఢ ൫ߤ ሺݔሻǡ ߤ ሺݔሻ൯൧ ൌ
=

σ௫ఢ ቂ௫ఢ ൫ߤ ሺݔሻǡ ߤ ሺݔሻ൯ ൫ߤ ሺݔሻǡǡ ߤ ሺݔሻ൯ቃ
௫ఢ

݂ሺܣሻ  ݂ሺܤሻ . From ݁ ) since ݂ሺܣሻ  ݂ሺܤ
ܤሻ ൌ ݂ሺܤ  ܣሻ 
݂ሺܤ ת ܣሻ , then ݂ሺܤ  ܣሻ  ݂ሺܣሻ  ݂ሺ ܤሻ and therefore
property ݂) is justified.
B. Fuzzy Set Operations
The intersection and the difference bettween two fuzzy
sets are defined in terms of their membersship functions to
describe the elements belonging to A and B, and the elements
belonging to only one of them. Here we arre going to apply
the usual definition of intersection  ܤ ת ܣas below:
(4)

ߤת ൌ  ௫א ൫ߤ ሺݔሻǡ ߤ ሺݔሻ൯

Two other examples of difference operattions presented in
[5] and [7] can also be listed here:
ߤ ሺݔሻ݂݅ߤ ሺݔሻ ൌ Ͳ
.
ߤିభ ሺݔሻ ൌ ൜ 
Ͳ݂݅ߤ ሺݔሻ  Ͳ

(5)

ߤିమ ሺݔሻ ൌ ௫א ሺͲǡ ߤ ሺݔሻ െ ߤ ሺݔሻሻ

(6)

example of using the difference operations
o
that are stated
above. We prefer to use the differeence operation െଶ within
the definition because it gives us thee opportunity to get more
information about uncertainty rath
her than using the other
operations: it reflects more qualittative information about
elements in  ܣbut not in ܤ.
Proposition 2. For any two fuzzy subsetsܣǡ ܨ א ܤሺܷሻ, the
difference operation െଶ on ܨሺܷሻ saatisfies the properties:
1) if ܤ ك ܣ, then ܣെଶ  ܤൌ ߶,,
2) if ܣ ك ܣƍ , then ܣെଶ ܣ ك ܤƍ െଶ  ܤ. (monotonicity
w.r.t. A)
Proof: For 1: since  ܤ ك ߤ ሺݔሻሻ  ߤ ሺݔሻ  ܷ א ݔ, then
ߤ ሺݔሻെߤ ሺݔሻ  Ͳ, and from (4) wee define ܣെଶ  ܤas
ߤିమ ሺݔሻ ൌ ሺͲǡ ߤ ሺݔሻ െ ߤ ሺݔሻሻሻǢߤ ֜ ܷ߳ݔ ሺݔሻ െ
ߤ ሺݔሻ=0 ֜ ܣെଶ  ܤൌ ߶. For 2: we haveܣ ك ܣƍ ֜ ߤ ሺݔሻ 
ߤƍ ሺݔሻ ֜ ߤ ሺݔሻ െ ߤ ሺݔሻ   ߤƍ ሺݔሻ െ ߤ ሺݔሻ ֜
൫Ͳǡ ߤ ሺݔሻǡ ߤ ሺݔሻ൯   ቀͲǡ ߤƍ ሺݔሻǡ ߤ ሺݔሻቁ ֜
ߤିమ ሺݔሻ  ߤƍିమ ሺݔሻ  ֜ ܣെଶ ܣ ك ܤƍ െଶ ܤ.
Now, we are going to employ
y the cardinalities of the
intersection and the difference betw
ween two fuzzy sets. This
enables us to evaluate the influeence of the part of the
universe that is common to any tw
wo fuzzy subsetsܣǡ א ܤ
ܨሺܷሻ if ݂ሺܤ ת ܣሻ ൌ ܿܽ݀ݎሺܤ ת ܣሻሻ ൌ ȁܤ ת ܣȁ . Also, we
evaluate the influence of the part thaat belongs to A but not to
B, and conversely if we consider ݂ሺ ܣെ ܤሻ and ݂ሺ ܤെ ܣሻ
respectively. Thus, from (2), (4) and
d (6), we get:
݂ሺܤ ת ܣሻ ൌ ܿܽ݀ݎሺܤ ת ܣሻ ൌ ȁܤ ת ܣȁ
ܤ

(7)

ൌ  ߤת ሺݔሻ ൌ  ቂ൫ߤ
ߤ ሺݔሻǡ ߤ ሺݔሻ൯ቃ
௫ఢ

ܷאݔ

௫א

and
ܤ
݂ሺ ܣെ ܤሻ ൌ ܿܽ݀ݎሺܣെଶ ܤሻ ൌ ȁܣെଶܤȁ
(a)

Two fuzzy sets A and B

ൌ  ߤିమ ሺݔሻ ൌ  ሺͲǡǡ ߤ ሺݔሻ െ ߤ ሺݔሻሻ
௫ఢ

1

௫א

(8)

We can rewrite the equation (1)) in order to measure the
similarity between two fuzzy sets ass follows:

0.5
0
0

௫ఢ

0.2

0.4

(b)

0.6

0.8

1

ݏሺܣǡ ܤሻ ൌ

ܣെଵ ܤ

ߙȁܤ ת ܣȁ
ߙȁܤ ת ܣȁ  ߚȁ ܣെ ܤȁ
 ܤ ߛȁ ܤെ ܣȁ

(9)

1

for ߙ  Ͳ and ߚǡ ߛ  Ͳ, where we add a new parameter α
to contribute with the common part of the fuzzy sets.

0.5
0

0

0.2

0.4

0.6

0.8

1

(c) ܣെଶ ܤ
Fig. 1 Computing the fuzzy difference between twoo fuzzy sets using
various definitions.

According to the definitions above foor the difference
operation, we observe that ߤିభ ሺݔሻ ൏ ߤିమ ሺݔሻ for
someܷ߳ݔ. Consequently, the similarity deggree between two
fuzzy sets will be different according too the difference
operation that is used in its definition (1). Fig. 1 shows an
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IV.

FUZZY OBJECTS COMPARISON

In the previous section we in
ntroduced the method to
compare two fuzzy sets. Let us now
w apply it to see how to
compare two objects whose attrib
butes have fuzzy values
characterised by using fuzzy sets.
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A. Similarity Measure of Fuzzy Attributes
Suppose that ଵ and ଶ are two fuzzy objects of the same
class and let ݐܣభ ൌ ሼܽଵ ǡ ܽଶ ǡ ǥ ǡ ܽ ሽ and ݐܣమ ൌ
ሼܾଵ ǡ ܾଶ ǡ ǥ ǡ ܾ ሽ denote the sets of n attributes for each object,
respectively and ݊ stands for the number of attributes for
each object. Basically, for each pair of corresponding
attributes, a basic domain (a universe of discourse) should be
defined in which a fuzzy domain can be built over. The
fuzzy domains are defined in order to represent fuzzy object
attributes. Each attribute is given a fuzzy value which is
either represented as:
1) a set of fuzzy subsets of the universe ܷ as follows:
and
ܾ ൌ ሼܤଵ ǡ ܤଶ ǡ ǥ ǡ ܤ ሽ
ܽ ൌ ሼܣଵ ǡ ܣଶ ǡ ǥ ǡ ܣ ሽ
where݉ stands for the number for fuzzy subsets describing
the ݅ ௧ attribute and݅ ൌ ͳǡʹǡ ǥ ǡ ݊. For example, the age of a
person:  ݁݃ܣൌ ሼሺͲǤʹȀ݃݊ݑݕሻǡ ሺͲǤͷȀ݈݉݅݀݀݁ܽ݃݁ሻ}, or as
2) a fuzzy value that is characterised by a unique fuzzy
subset: ܽ ൌ ሼܣೌ ሽ , and ܾ ൌ ሼܤ್ ሽ where ݉ ǡ ݉ א




ሼͳǡʹǡ ǥ ǡ ݉ ሽ. For example, Age is young, where Age is a
person age domain (an attribute domain) variable and young
is a fuzzy value (an attribute value).
The first situation has been addressed in our previous
work [16] where we proposed a family of similarity
measures for the problem of fuzzy object comparison where
a geometric model has been used for comparing this type of
attribute’s values. The Euclidean distance is used to calculate
the dissimilarity between fuzzy sets that describe those
attributes of fuzzy objects. In this paper we focus on the
second situation; when each object attribute is described
using a single fuzzy set and we propose another family of
similarity measures based on the concepts of fuzzy set-theory
and cardinality of fuzzy sets presented above.
Definition 2. A similarity measure between two attributes is
a mapping ܵǣ ݐܣభ ൈ ݐܣమ ՜ ሾͲǡͳሿ such that ܵሺܽ ǡ ܾ ሻ ൌ
 ݏቀܣೌ ǡ ܤ್ ቁ, for a given mapping ݏǣ ܨሺܷ ሻ ൈ ܨሺܷ ሻ ՜




ሾͲǡͳሿ that is defined by the equation (9). Thus:
ܵሺܽ ǡ ܾ ሻ  ൌ

ఈฬೌ ת ฬ


್

ఈฬೌ ת ฬାఉฬೌ ି ฬାఊฬ ିೌ ฬ


್



್

್

(10)



for ߙ  Ͳߚǡ ߛ  Ͳǡ where ܽ and ܾ are two attributes
of two fuzzy objects ଵ and ଶ , respectively, and ܷ is the
domain of ݅ ௧ attribute. Using equation (10) allows us to
determine to what extend the attributes of two objects have
common points, or are different from each other. However,
the validation of this similarity relation should be examined.
Now, is the similarity model maximal? (i.e., ܵሺܽǡ ܾሻ  ͳ
and ܵሺܽǡ ܾሻ ൌ ͳ if and only if ܽ ൌ ܾ). Let us consider two
objects having attributes characterised with the same fuzzy
value, say for example, Tom is 18 years old and John is 27
years old. We can notice that both of them are young, so,
ܵሺܶ݁݃ܣ݉ǡ ݁݃ܣ݄݊ܬሻ ൌ ݏሺ݃݊ݑݕǡ ݃݊ݑݕሻ ൌ ͳǤ But this
result contradicts the crisp approach. However, it is not
necessary that fuzzy perception should be practically the
same as crisp perception. In our approach, two fuzzy

attributes are considered to be identical if they have the
same fuzzy value, even if their crisp values are different.
Conversely, two different fuzzy values may be given to the
same attribute of the compared objects, for example, this
happens when John is considered to be young and David is a
middle-aged person, at the time they are both 27 years old.
So, ܵሺ݁݃ܣ݄݊ܬǡ ݁݃ܣ݀݅ݒܽܦሻ ൌ
ݏሺ݃݊ݑݕǡ ݈݉݅݀݀݁ െ
ܽ݃݁݀ሻ ് ͳǤ Consequently the assumption that S is maximal
is inequitable in some cases as shown in the examples.
For symmetry, we notice that ܵሺܽǡ ܾሻ ് ܵሺܾǡ ܽሻ since
ݏሺܣǡ ܤሻ ് ݏሺܤǡ ܣሻ when ߚ ് ߛ . The symmetry of  ݏis
satisfied only whenߚ ൌ ߛ or if ݂ሺ ܣെ ܤሻ ൌ ݂ሺ ܤെ ܣሻ. We
further proved that function f used in the model ܵሺܣǡ ܤሻ ൌ
݂ሺܤ ת ܣǡ  ܣെ ܤǡ  ܤെ ܣሻ is non-decreasing with respect to
 ܤ ת ܣand non-increasing with respect to  ܣെ  ܤand ܤെ ܣ.
From these justifications, it seems that the geometric
approach faces several difficulties when dealing with fuzzy
data. For similarity analysis, the applicability of the
dimensional hypothesis is limited, and the metric axioms are
doubtful. Specifically, maximality is somewhat problematic,
symmetry appears to be false in most cases, and the triangle
inequality is hardly compelling as pointed out in [4].
B. Aggregation Operators for Fuzzy Object Comparison
Assume that we have a set of m fuzzy objects of the
same class ܱி ൌ ሼଵ ǡ ଶ ǡ ǥ ǡ  ሽ. Each object is described by
a set of n fuzzy attributes. In this section we define the
similarity measure between any two fuzzy objects:
Definition 3. A similarity measure between two fuzzy
objects ௦ ǡ ௧ ܱ אி is a mapping ܵ݅݉ǣ ܱி ൈ ܱி ՜ ሾͲǡͳሿ:
ܵ݅݉ሺ௦ ǡ ௧ ሻ ൌ ۪ௌ ൫ܵሺܽଵ ǡ ܾଵ ሻǡ ܵሺܽଶ ǡ ܾଶ ሻǡ ǥ ǡ ܵሺܽ ǡ ܾ ሻ൯ (11)
where ۪௦ ǣ ሾͲǡͳሿ ՜ ሾͲǡͳሿ is an aggregation operation that
is defined in [16]. Thus, we have chosen the following
definitions among others for comparing their performance to
compute the overall similarity between the objects:
1) Weighted average of the similarities of attributes
(WA): Let us consider that each attribute ܽ has an
associated weight ݓ that points out the importance that the
similarity in this attribute must have when computing the
similarity degree between objects of the same class. We are
going to consider that݅Ǣ ݓ ߳ሾͲǡͳሿ:
ܵ݅݉ሺ௦ ǡ ௧ ሻ ൌ

σୀଵ ݓ ܵሺܽ ǡ ܾ ሻ
Ǣݓ ߳ሾͲǡͳሿ
σୀଵ ݓ

(12)

2) Minimum of the similarities among attributes (Min):
ܵ݅݉ሺ௦ ǡ ௧ ሻ ൌ ሾܵሺܽଵ ǡ ܾଵ ሻǡ ܵሺܽଶ ǡ ܾଶ ሻǡ ǥ ǡ ܵሺܽ ǡ ܾ ሻሿ

(13)
3) The similarity ratio for the similarities among
attributes (Min/Max):
ሾܵሺܽଵ ǡ ܾଵ ሻǡ ܵሺܽଶ ǡ ܾଶ ሻǡ ǥ ǡ ܵሺܽ ǡ ܾ ሻሿ
(14)
ܵ݅݉ሺ௦ ǡ ௧ ሻ ൌ
ሾܵሺܽଵ ǡ ܾଵ ሻǡ ܵሺܽଶ ǡ ܾଶ ሻǡ ǥ ǡ ܵሺܽ ǡ ܾ ሻሿ
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1) define the basic domain for each fuzzy attribute: For
each room let
ܦொ ൌ ሾͲǡͳሿ be the basic quality
domain, ܦ ൌ ሾͲǡͲͲሿ be the basic price domain
andܦௗ ൌ ሾͲǡͳͲሿ. The units are specified as per-cent,
British pound(s) and mile(s) respectively.
2) define fuzzy domain for each attribute by using fuzzy
sets built over the attribute basic domain: We determined a
fuzzy domain of room quality by defining three fuzzy
subsets ܦܨொ ൌ ሼ݈ݓǡ ܽ݁݃ܽݎ݁ݒǡ ݄݄݅݃ሽover the domainܦொ .
The fuzzy domain for price is defined as ܦܨ ൌ
ሼ݄ܿ݁ܽǡ ݉݁ݐܽݎ݁݀ǡ ݁݁ݒ݅ݏ݊݁ݔሽ. Finally, the fuzzy domain
TABLE I.
Student
Rooms
room1
room2
room3
room4
room5
room6
room7
room8
room9
room10
room11
room12
room13
room14
room15
room16
room17
room18
room19
room20
room21
room22
room23
room24
room25
room26
room27
room28
room29
room30
room31
room32
room33
room34
room35
room36
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DUMMY DATASET OF STUDENT ROOMS
Room Attributes
quality

price

dfUni

high
average
low
average
high
low
low
high
low
average
average
low
high
average
low
high
low
average
low
high
low
average
low
high
average
average
low
high
low
average
low
high
average
low
high
low

expensive
expensive
Cheap
Cheap
moderate
expensive
moderate
expensive
Cheap
moderate
expensive
Cheap
expensive
Cheap
moderate
moderate
Cheap
Cheap
moderate
Cheap
Cheap
moderate
moderate
moderate
Cheap
Cheap
moderate
moderate
Cheap
expensive
Cheap
expensive
Cheap
moderate
moderate
Cheap

close to
close to
close to
close to
close to
close to
close to
close to
close to
close to
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
far from
close to
close to
far from
far from
close to
close to
far from
close to
close to
far from
close to

high

average

low

Degree of membership

For this section, we developed a MATLAB program to
study the proposed method for comparing fuzzy objects.
MATLAB fuzzy toolbox membership functions are used for
building the fuzzy domain for each fuzzy object attribute.
Given a list of 36 student rooms described by their
quality, price and distance from University dfUni (see Table
I) we want to asses which room is closer to a particular
target described by ‘‘high quality, moderate price and close
to the University’’. To achieve that, we follow the steps:

for dfUni is defined with two fuzzy subsets ܦܨௗ ൌ
ሼ݈ܿݐ̴݁ݏǡ ݂ܽ݉ݎ̴݂ݎሽ (see Fig. 2).
1

0.5

0
0

0.2

0.4

(a)
Degree of membership

EXAMPLES AND RESULTS

0.6

0.8

1

room quality
moderate

cheap

1

expensive

0.5

0
0

100

200

300

(b)
Degree of membership

V.

400

500

600

room price
far-from

close-to
1
0.5
0
0

2

4

(c)

6

dfUni

8

10

Fig 2. Fuzzy representation for (a) room quality, (b) room price
and (c) distance from University (dfUni).

3) calculate the similarity among the corresponding
attributes: Similarity matrices of the room attributes are

calculated using (10) and by assuming ߙ ൌ ߚ ൌ ߛ ൌ ͳ, we
get the result shown in the tables below. Accordingly, we
have obtained similarity degrees between the requested
room attributes and corresponding student rooms attributes
in the above dataset (see Table I).
4) aggregate or calculate the average over all
similarities: we used (12), (13) and (14) for calculating
similarity values among the given rooms as shown in Table
I in order to produce the final judgement to how similar the
requested room and other student rooms are. Fig. 3 shows
the results in each case. Of course, different weights or
importance values are given to each attribute by using (12),
for example, Fig. 3(a) shows the similarity results
whenݓ௨௧௬ ൌ ݓ =ݓௗ =1; in Fig. 3(b) ݓ௨௧௬ ൌ
ͲǤͺǡ ݓ =0.5 and ݓௗ ൌ ͳ.
Obviously, more weights can be considered based on
how the attributes can be determined (or which attribute is
more significant). Similarity results are affected by different
factors such as fuzzy representations of objects attributes,
parameters ߙǡ ߚandߛin (10) and attributes weights in (12).
TABLE II.
s
low
average
high
TABLE III.
s
cheap
moderate
expensive

SIMILARITY MATRIX OF THE FUZZY ATTRIBUTE QUALITY
low
1.0000
0.1130
0.0024

average
0.1130
1.0000
0.0818

high
0.0024
0.0818
1,0000

SIMILARITY MATRIX OF THE FUZZY ATTRIBUTE PRICE
cheap
1.0000
0.1813
0.0476

moderate
0.1813
1.0000
0.1813
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expensive
0.0476
0.1813
1,0000

TABLE IV.

SIMILARITY MATRIX OF THE Fuzzy ATTRIBUTE DFUNI

S im ilarity Degree

s
close-to
far-from

close-to
1.0000
0.0545

1

0.5

0

0

5

10

15

20
25
Student Rooms

1

S im ilarity D e g ree

far-from
0.0545
1.0000

30

35

40

(a)

1

driven process of choosing a suitable measure according to
the exercise at hand.
Hence, one needs understanding of how a similarity
measure handles the different characteristics that represent a
fuzzy data set, and this certainly needs to be investigated
with further research. It may be possible to construct
measures that draw on the strengths of a number of
measures in order to obtain superior performance or replace
the difference operation used in our approach by one of
those presented above for deducing new quantities (for
example, difference operation െଵ ) and develop our
approach in some real-world applications that belong to data
mining or to information retrieval. This is also an aspect of
this work that will be pursued in our future work.
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